Abstract. We prove that two algebraic embeddings of a smooth variety X in C m are the same up to a holomorphic coordinate change, provided that 2 dim X`1 is smaller than or equal to m. This improves an algebraic result of Nori and Srinivas. For the proof we extend a technique of Kaliman using generic linear projections of C m .
Introduction
In this paper we study algebraic embeddings of smooth algebraic varieties (defined over C) in C m . Given two embeddings f and g of an algebraic variety X in C m it is natural to ask whether or not the two embeddings are algebraically equivalent, i.e. whether or not there exists an algebraic automorphism φ of C m such that φ˝f " g. Only in special cases a full answer is known. Abhyankar, Moh and Suzuki established that any two algebraic embeddings of C in C 2 are algebraically equivalent [AM75] [Suz74] . Nori showed that any two algebraic embeddings of a smooth variety X in C m are algebraically equivalent as long as the following dimension condition holds: 2 dim X`2 ď m. This unpublished work of Nori was generalized by Srinivas [Sri91] . In particular, for embeddings of C in C m , the only unknown case is when m equals 3. In fact, there are several examples of embeddings of C in C 3 that are conjectured to not be algebraically equivalent to the standard embedding; for example, Shastri suggests examples coming from a knot-theoretic point of view [Sha92] . For an overview of these embedding problems and how they connect to the Cancallation Problem, the Linearization Problem, and the Jacobian Conjecture in affine geometry, see Kraft and van den Essen [Kra96] [vdE04] .
Relaxing the condition of equivalence to the holomorphic setting, Kaliman proved that any two algebraic embeddings f and g of C in C 3 are holomorphically equivalent, i.e. there exists a holomorphic automorphism (that is a biholomorphic self-map) φ of C 3 such that φ˝f " g [Kal92] . In this article we generalize this to the following result. Theorem 1.1. Let X be a smooth algebraic variety defined over C and m ě 2 an integer. If 2 dim X`1 ď m, then any two algebraic embeddings of X in C m are holomorphically equivalent.
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Recently, it was pointed out to the authors that this Theorem is already proved by Kaliman [Kal13, Theorem 0.1].
Remark 1.2. It will be clear from our proof of Theorem 1.1 that the automorphism realizing the holomorphic equivalence can be chosen to be a product of linear maps, and holomorphic shears and overshears. Theorem 1.1 can be seen as a one-dimensional improvement of Nori's result under a relaxed, holomorphic equivalence condition. As a special case we have that any embedding of C n in C 2n`1 is holomorphically equivalent to the standard embedding of C n in C 2n`1 given by px 1 , . . . , x n q Þ Ñ px 1 , . . . , x n , 0, . . . , 0q .
As another corollary of Theorem 1.1, any two algebraic embeddings of a smooth curve in C 3 are holomorphically equivalent. In contrast to this, almost nothing is known about the algebraic equivalence of two embeddings of a smooth curve in C 3 . Even if you are given two embeddings of a smooth curve in C 2ˆt 0u Ă C 3 , which are seemingly simple embeddings from a three-dimensional point of view, it is in general not known whether or not they are algebraically equivalent in C 3 ; compare Bhatwadekar and Roy [BR91] , where this question is asked in general and resolved for rational smooth curves. Note that, while C has only one algebraic embedding in C 2 up to algebraic equivalence, other smooth curves allow a lot of algebraically non-equivalent embeddings into C 2 . For example, this is the case for algebraic embeddings of C˚in C 2 ; a partial classification can be found in [CNKR09] and a full classification is announced in [KPR14] . In fact, these algebraic embeddings are often also holomorphically non-equivalent. Indeed, the embeddings f p,q : C˚ãÑ C 2 given by x Þ Ñ px p , x´qq for coprime positive integers 2 ď p ă q are pairwise holomorphically non-equivalent. The latter follows from the fact that these embeddings have different links at infinity, see Neumann [Neu89] .
We note that the existence of holomorphically non-equivalent algebraic embeddings of C˚in C 2 shows that the dimension condition in Theorem 1.1 cannot be improved if dim X " 1. To our knowledge, for dim X ą 1 there are no holomorphically non-equivalent algebraic embeddings of a n-dimensional variety in C 2n known, and so it remains an interesting question whether or not the dimension condition in Theorem 1.1 can be improved.
We remark that from the holomorphic point of view it might seem natural to study holomorphic (rather than algebraic) embeddings up to holomorphic equivalence. However, in this setting the analogues of Theorem 1.1 and Nori's result are known to be wrong. In fact, whenever 1 ď n ă m there exist holomorphic embeddings of C n in C m that are not holomorphically equivalent to the standard embedding (see Forstnerič [For99, Corollary 6.2] ). This makes the proof of Theorem 1.1 subtle: we use a result that yields holomorphic not algebraic equivalence, see Proposition 2.1; however, the projection results we use only hold for algebraic (rather than holomorphic) embeddings, compare Remark 3.10.
We conclude the introduction with a short explanation on how the proof of Theorem 1.1 works and how the paper is structured. We first recall the following projection technique that Nori's result is based on. Let f and g be two algebraic embeddings of a smooth variety X in C m and assume 2 dim X`2 ď m. Srinivas (following Nori) shows that there exists a linear coordinate change of C m such that any combination of m´1 coordinate functions coming from f or g yields an embedding from X into C m´1 [Sri91, Theorem 1']. This can be used to construct m`1 algebraically equivalent embeddings of X by successively replacing the coordinate functions of f with coordinate functions of g; thus, proving the algebraic equivalence of f and g. Roughly, if m " 2 dim X`1, the idea of the proof of Theorem 1.1 is to replace the condition that any combination of m´1 coordinate functions of f and g is an embedding by the weaker condition that this map is a proper immersion and its image has only transversal double points; and then essentially to use an idea of Kaliman, with which he proved that any two algebraic embeddings of C in C 3 are holomorphically equivalent. We outline the proof of Theorem 1.1 in Section 2. Section 3 contains the main technical work of this paper. There we provide results concerning generic projections, which deal with the issues that arise from working in one dimension lower. Finally, we combine these technical results to yield the proof of Theorem 1.1 in Section 4.
Outline of the proof
Let f, g be two embeddings of a smooth n-dimensional variety X in C m with m ě 2n`1 and n ą 0. We want to show that f and g are holomorphically equivalent. We only consider the case m " 2n`1 as otherwise the result follows from Nori's work. Moreover, we can and will assume that every connected component of X has dimension n, see Lemma A.1 in the Appendix.
We will inductively find a sequence f 0 " f , f 1 , . . . , f 2n , f 2n`1 " g of m algebraic embeddings such that two consecutive embeddings are holomorphically equivalent. Concretely, for some 0 ď l ă 2n`1, assume that f l and a linear projection r l : C 2n`1 Ñ C l have been constructed such that the last l coordinate functions of f l equal r l˝g . The crucial step is to construct an algebraic embedding f l`1 : X Ñ C 2n`1 that is holomorphically equivalent to f l and a linear projection r l`1 : C 2n`1 Ñ C l`1 such that the last l`1 coordinate functions of f l`1 equal r l`1˝g . From this, one gets the desired sequence of embeddings.
In the sequel we describe this crucial step in more detail. For this purpose we introduce some terminology. Let h : X Ñ C k be a holomorphic map. A pair px, yq in XˆX with x ‰ y is called a double point of h, if hpxq " hpyq. The double point is called transversal, if the images of the differentials D x h and D y h span the whole tangent space of C k in hpxq " hpyq. If all double points of h are transversal, we say that h is transversal. If in addition every fiber of h has at most j elements, then we say it is j-transversal.
The following proposition is the only holomorphic ingredient in our proof.
Proposition 2.1. Let f : X Ñ C 2n`1 be an algebraic embedding of a smooth n-dimensional variety and let p : C 2n`1 Ñ C 2n be a linear projection such that p˝f is proper, 2-transversal and immersive. If d : X Ñ C is an algebraic function such that dps 1 q ‰ dps 2 q for all double points ps 1 , s 2 q of p˝f , then
is an algebraic embedding that is holomorphically equivalent to f .
This proposition generalizes an idea of Kaliman, see [Kal92, Theorem 6] and its proof.
Remark 2.2. It is worth mentioning that the proof of Proposition 2.1 carries over to a holomorphic setting, i.e. when f and d are holomorphic rather than algebraic maps. To see this, in the proof below one only needs to replace all algebraic maps by holomorphic ones and to notice that the image of the double points of p˝f is a discrete closed subset of C 2n .
Proof of Proposition 2.1. Let h : C 2n`1 Ñ C be a linear function such that f " pp˝f, hq. Let S Ď C 2n be the finite set of points s P C 2n such that pp˝f q´1psq " ts 1 , s 2 u with s 1 ‰ s 2 . For every s in S, it holds that hps 1 q ‰ hps 2 q since f is an embedding. Thus, we can choose a number a s P C such that dps 1 q´e as hps 1 q " dps 2 q´e as hps 2 q .
Let ψ 1 : C 2n Ñ C be an algebraic function such that for all s P S we have ψ 1 psq " a s and let α 1 be the holomorphic automorphism of C 2nˆC defined by α 1 pw, λq " pw, e ψ 1 pwq λq. By composing f with α 1 , we can assume that dps 1 q´hps 1 q " dps 2 q´hps 2 q for all s P S. Note that in general h is no longer algebraic. However, it is holomorphic. Let Γ Ă C 2n be the image of p˝f : X Ñ C 2n . By Remmert's proper mapping theorem [Rem57, Satz 23], Γ is a closed (analytic) subvariety of C 2n . Now, using that p˝f is immersive and 2-transversal, we get a holomorphic factorization
Using Cartan's Theorem B [Car53, Théorème B], we can extend e to a holomorphic map ψ 2 : C 2n Ñ C. Let α 2 be the holomorphic automorphism of C 2nˆC defined by α 2 pw, λq " pw, λ`ψ 2 pwqq. Thus, α 2˝f pxq " ppf pxq, dpxqq and this map is algebraic.
Proposition 2.1 is used in the crucial step as follows. We show the existence of a linear projection p : C 2n`1 Ñ C 2n such that p˝f l is proper, 2-transversal, and immersive, and such that the last l coordinate functions of p˝f l and f l are the same; this constitutes the main technical work of our proof. In fact, to find p we have to compose f l with an algebraic automorphism of C 2n`1 that fixes the last l coordinates. Then we construct a surjective linear function e : C 2n`1 Ñ C such that e˝g distinguishes the double points of p˝f l . Now, Proposition 2.1 implies that
is holomorphically equivalent to f l . If we define r l`1 : C 2n`1 Ñ C lˆC by r l`1 pzq " pr l pzq, epzqq, then the last l`1 coordinate functions of f l`1 equal r l`1˝g .
Of course, the proof of our main theorem cannot carry over to a holomorphic setting by the existence of non-equivalent holomorphic embeddings of C n in C 2n`1 . While Proposition 2.1 remains true in the holomorphic setting (see Remark 2.2), a serious issue is that for generic linear projections p : C 2n`1 Ñ C 2n the map p˝f : X Ñ C 2n need not be proper if f : X Ñ C 2n`1 is a holomorphic embedding (see Remark 3.10).
In Section 4 we provide the details of the proof, based on several projection results.
Generic projection results
In this section we present projection results that are needed for our proof of Theorem 1.1. More precisely, they are needed to guarantee that certain projections behave well in the following sense.
Definition 3.1. Let f : X Ñ C 2n`1 be an embedding. A surjective linear map p : C 2n`1 Ñ C 2n is called a good projection for f , if the composition p˝f is proper, immersive and 2-transversal.
The moral of this section is, that generic projections are good projections and that this holds in various relative settings. Before we start with these results, let us set up some terminology and notation.
Terminology and notation. Let Z be a variety. We say that a statement is true for generic z P Z if there exists a dense Zariski open subset U Ď Z such that the statement is true for all z P U . Maps between algebraic varieties are understood to be algebric morphisms if not stated otherwise.
Let 0 ď l ď m be integers. We denote the m-dimensional projective space by P m and the Grassmannian of l-dimensional linear subspaces of C m by Gr m l . The map p l : C m Ñ C l denotes the standard projection to the last l coordinates and P m´l Ď P m denotes the linear projective subspace given by setting the last l projective coordinates of P m to zero. If V Ď C m is a linear subspace, then p V : C m Ñ C m {V denotes the canonical linear projection.
In a first subsection, we gather results concerning transversal maps. Afterwards, we divide the projection results into three subsections corresponding to the three properties of a good projection.
Let us give a flavour of the type of results we are looking for. Consider an algebraic embedding f : X Ñ C 2n`1 of a smooth n-dimensional variety X. We prove that for generic v P P 2n , the map p v : C 2n`1 Ñ C 2n`1 {v"C 2n is a good projection for f . This is done in Corollary 3.8, Remark 3.13 and Lemma 3.14. Now, as mentioned in the outline, for the inductive construction of the embedding f l`1 from f l we need good projections p v for f l that "remember" the last l coordinates, i.e. the projection p l : C 2n`1 Ñ C l factors through p v . In other words, we would like for generic v P P 2n´l that p v is a good projection for f l (where we view P 2n´l as a linear projective subspace of P 2n ). Of course, this is only possible under certain restrictions on the projection to the last l coordinate functions p l˝f : X Ñ C l . These results are the content of Corollary 3.8, Lemma 3.12, Lemma 3.14 and Lemma 3.15.
3.1. Transversal maps. Throughout this subsection we fix a closed smooth n-dimensional subvariety X Ă C 2n`1 . For any map h : X Ñ C k , we consider the map
and its composition with the canonical projection π :
When h is the fixed embedding X Ă C 2n`1 , we denote ψ h by ψ and ψ h by ψ.
Lemma 3.2. If h : X Ñ C k is transversal, then p v˝h is transversal for generic v P P k´1 . In fact, p v˝h is transversal if and only if v is a regular value of ψ h .
Proof of Lemma 3.2. Let x ‰ y in X such that hpxq " hpyq. By assumption, px, yq is then a transversal double point of h and thus also of p v˝f , for all v P P k´1 . Now, fix v in P k´1 and let p " p v : C k Ñ C k {v. One sees immediately that for x, y P X with hpxq ‰ hpyq, having the same image under p˝h is equivalent to ψ h px, yq " v. As for a given w P C k zt0u with w P v, we have kerpD w πq " v, the differentials D w π and D w p " p are the same up to a linear isomorphism between the targets. Thus, for x, y P X with 0 ‰ hpyq´hpxq P v the differentials at px, yq of
have the same rank. Therefore, the statement follows from the fact that the image of D px,yq pp˝ψ h q is im D x pp˝hq`im D y pp˝hq.
Remark 3.3. After applying an algebraic automorphism of C 2n`1 to X, one can assume that ψ is dominant. This is seen as follows. We fix some x ‰ y in X and study the linear span V X of x´y, T x X and T y X inside C 2n`1 . Note that V X " C 2n`1 if and only if px, yq is a regular point of ψ, by the proof of Lemma 3.2. Therefore, it suffices to find an algebraic automorphism ϕ of C 2n`1 such that ϕpxq " x, ϕpyq " y and V ϕpXq " C 2n`1 . However, such a ϕ exists since one can prescribe the derivative of an algebraic automorphism of C 2n`1 in finitely many fixed points, see Forstnerič [For99, Corollary 2.3] (citing Buzzard [Buz98] ). In fact, in the case we need, ϕ can be chosen to be a composition of algebraic shears and linear maps. For completeness, we provide a suitable version of this result in the Appendix, see Lemma A.2.
Proof. Denote by ∆ the diagonal in X 2 . Let C 2n´l Ď X 2 z∆ be the preimage of P 2n´l under ψ and denote the restriction of ψ to C 2n´l by
For px, yq P C 2n´l , consider the following linear map ν px,yq : T px,yq X 2 z∆
For generic v P P 2n´l , the differential D px,yq ψ 1 has full rank for all px, yq P pψ 1 q´1pvq by an algebraic geometry version of Sards theorem 1 . Thus, by the second part of Lemma 3.2, it is enough to show that ν px,yq is surjective for all px, yq P C 2n´l . Let V i Ă P 2n´l be the open affine subset of points such that the i-th coordinate does not vanish and let us denote by h i : X Ñ C the i-th coordinate function of the embedding X Ă C 2n`1 . A calculation shows that for px, yq P pψq´1pV i q the linear map ν px,yq is given by
As by assumption p l | X is transversal, it follows for all px, yq P X 2 z∆ that
is surjective. This implies that ν px,yq is surjective for all px, yq P pψq´1pV i q.
The next lemma generalizes Lemma 3.2. It will be formulated in terms of flags. Denote by F 2n`1 the flag variety of C 2n`1 , i.e. the closed subvariety of the following product of Grassmannians
given by the condition that pV 0 , V 1 , . . . , V 2n`1 q satisfies V i Ď V i`1 . Let us view GL 2n`1 as an open subset of pC 2n`1 q 2n`1 and let η : GL 2n`1 Ñ F 2n`1 be given by ηpv 1 , v 2 , . . . , v 2n`1 q " p0, rv 1 s, rv 1 , v 2 s, . . . , rv 1 , v 2 , . . . , v 2n`1 sq where rv 1 , . . . , v i s denotes the linear span of v 1 , . . . , v i in C 2n`1 . Consider the p2n`1q-fold product of the map ψ : X 2 Ñ C 2n`1 φ " ψˆ¨¨¨ˆψ : pX 2 q 2n`1 Ñ pC 2n`1 q 2n`1 and let S " φ´1pGL 2n`1 q Ď pX 2 q 2n`1 . We define φ : pX 2 q 2n`1 F 2n`1 as the rational map η˝φ : pX 2 q 2n`1 F 2n`1 . Note that S is the set where φ is defined.
Lemma 3.5. Let s " ppx 1 , y 1 q, . . . , px 2n`1 , y 2n`1P S and let the flag p0 Ă W 1 Ă¨¨¨Ă C 2n`1 q be the image of s under φ. Then, s is a regular point of φ if and only if px i , y i q is a transversal double point of p W i | X for all 1 ď i ď 2n`1.
Proof. Let a " φpsq P GL 2n`1 . We claim that the differential
is the same as the projection This proves the lemma.
Remark 3.6. After applying an algebraic automorphism of C 2n`1 to X, one can assume that φ : pX 2 q 2n`1 F 2n`1 is dominant. This is seen as follows. By Remark 3.3, we can assume that ψ is dominant. This allows us to pick a basis pv 1 , . . . , v 2n`1 q of C 2n`1 such that for all i we have that rv i s P P 2n is a regular value of ψ and it is the image of some px i , y i q P X 2 under ψ. Then ppx 1 , y 1 q, . . . , px 2n`1 , y 2n`1is a regular point of φ, and so the statement follows.
As a consequence of Lemma 3.5 and Remark 3.6 we get the following.
Corollary 3.7. After applying an algebraic automorphism of C 2n`1 to X, the maps p W 1 | X , . . . , p W 2n | X are transversal for generic flags p0 Ă W 1 Ă¨¨Ă W 2n Ă C 2n`1 q in F 2n`1 .
Proper maps.
Let 1 ď k ă m be integers and let X Ď C m be a closed subvariety. We consider the following subset of the Grassmannian Gr
where π : C m zt0u Ñ P m´1 is the canonical projeciton. In the case k " 1, ω 1 pXq is a closed analytic subset of P m´1 " Gr Moreover, dim ω 1 pXq ă dim X and p v | X : X Ñ C m {v is proper for all v P P m´1 zω 1 pXq by [For11, Lemma 4.11.2]. This yields the following.
Corollary 3.8. Let m " 2n`1 and let X Ă C 2n`1 be n-dimensional. If 0 ď l ď n, then p v | X is proper for generic v P P 2n´l Ď P 2n .
For arbitrary k this generalizes to the following.
Note that ω k pXq is the image of the projection E Ñ Gr m k to the second factor. Projection to the first factor E Ñ ω 1 pXq turns E into a fiber bundle with fiber-dimension pm´kqpk´1q " dim Gr m k´p m´kq. This implies the dimension inequality. Let V P Gr m k . If p V | X is not proper, then there exists a sequence tx j u Ď X, such that |x j | Ñ 8 and p V px j q is bounded. Without loss of generality, we can assume that lim πpx j q P P m´1 exists. However, this implies lim πpx j q Ď V and thus V P ω k pXq.
Remark 3.10. In a holomorphic setting Lemma 3.9 and Corollary 3.8 do not hold. Indeed, if X is an analytic subvariety (rather than an algebraic subvariety), then the dimension of ω 1 pXq is no longer strictly smaller than the dimension of X (compare the comments before [For11, Lemma 4.11.2]). For example, for X " t pt, e t q | t P C u Ă C 2 , the subset ω 1 pXq Ď P 1 is equal to P 1 . More generally, there are holomorphic embeddings f : C Ñ C m for any m ą 1 such that ω 1 pf pXqq "
3.3. Immersive maps. Fix a closed smooth n-dimensional subvariety X Ă C 2n`1 . For any map h : X Ñ C k and any integer 0 ď i ď k, we denote
Hence, Ť k i"0 X i is a partition of X where every X i is locally closed in X. Lemma 3.11. Let 1 ď k ď 2n and let 0 ď i ă n. Then for generic V P Gr
Proof of Lemma 3.11. We can assume that n´i ď k ď 2n`1´i, as otherwise X i pp V | X q would be empty. We denote by Gr j pT Xq the bundle over X of j-dimensional linear subspaces of the tangent spaces of X. Let E " t pW, V q P Gr n´i pT XqˆGr
and let E V be the fiber over V P Gr 2n`1 k under the projection onto the second factor E Ñ Gr 2n`1 k . The projection E Ñ Gr n´i pT Xq Ñ X yields a surjective map
This implies dim X i pp V | X q ď dim E V . Projection to the first factor turns E into a fiber bundle over Gr n´i pT Xq with fiber-dimension p2n`1´kqpkń`i q. Thus, we have dim E " p2n`1´kqk`pn´iqpk`i´2n´1q`n .
Hence, either E V is empty for generic V P Gr 2n`1 k or we have dim E V " pn´iqpk`i´2n´1q`n ě 0 for generic V P Gr
Since k ď 2n`1´i and i ă n, we get pn´iqpk`i´2n´1q`n ď k`i´n´1. This implies the result.
Remark 3.13. In particular, p v | X is an immersion for generic v P P 2n .
Proof of Lemma 3.12. Let v P P 2n . We first note that p v | X is an immersion if and only if v Ę T x X for all x P X. Let PT X be the projectivization of the tangent bundle T X, which has [Sri91]dimension 2n´1. Consider the map η : PT X Ñ P 2n where ηpvq P P 2n is the line v Ă T x X viewed in C 2n`1 .
Now, for v P P 2n we clearly have that v Ę T x X for all x P X if and only if v lies in the complement of ηpPT Xq. Let V Ď T X be the kernel of the differential Dpp l | X q : T X Ñ T C l . Clearly, we have ηpPV q Ă P 2n´l . It follows for v P P 2n´l that p v | X is an immersion if and only if v R ηpPV q. Therefore, it is enough to show that dim PV ă 2n´l.
For all x P X i " X i pp l | X q, the fiber V x " ker D x pp l | X q has dimension n´i. In particular, PV | Xn is empty. For all 0 ď i ă n, we have
which implies dim PV | X i ă 2n´l. Hence, dim PV ă 2n´l and the result follows.
3.4. 2-transversal maps. Let X Ă C 2n`1 be a smooth n-dimensional closed subvariety.
Lemma 3.14. Let 0 ď l ă n. If p l |X is transversal, then p v | X is 2-transversal for generic v P P 2n´l Ď P 2n .
Lemma 3.15. Let n ď l ď 2n´1 and assume that p l | X is proper and transversal. Then there exists an algebraic automorphism ϕ of C 2n`1 with the following properties: it fixes the last l coordinates and, for generic v in P 2n´l Ď P 2n , p v˝ϕ | X is 2-transversal.
Remark 3.16. The conclusion of Lemma 3.15 is in general false if we choose ϕ " id. This can be seen by the following simple example: Let px, y, zq be a coordinate system of C 3 and let X Ă C 3 be the union of three disjoint copies of the line C given by tz`y " 0, x " 1u, tx " y " 0u and tz´y " 0, x "´1u. Let p 1 : C 3 Ñ C be given by p 1 px, y, zq " z. Thus, p 1 | X : X Ñ C is a trivial covering and in particular it is proper and transversal. However, p v | X is 2-transversal if and only if v " p0 : 1 : 0q P P 1 Ă P 2 .
For the proof of Lemma 3.14 and Lemma 3.15, we consider the map χ : X 3 Ñ C 2n`1ˆC2n`1 , px, y, zq Þ Ñ py´x, z´xq and its composition with πˆπ χ " pπˆπq˝χ : t px, y, zq
where π : C 2n`1 zt0u Ñ P 2n is the canonical projection. For v P P 2n , note that all fibers of p v | X have at most two points if and only if pv, vq R impχq.
Proof of Lemma 3.14. By Lemma 3.4 there is a non-empty open set of directions U in P 2n´l such that p v | X is transversal for v in U . We calculate that at all points of UˆU the map χ is transversal to the diagonal ∆ of P 2nˆP2n ; this lengthy calculation is provided in the Appendix, see Lemma A.4. Hence, at every point of UˆU the intersection im χ X ∆ has local dimension less than or equal to 3n`2n´4n " n (see Lemma A.5 in the Appendix). This shows that p v | X is 2-transversal for generic v in P 2n´l since 0 ď l ă n.
Proof of Lemma 3.15. We claim, that χ´1pP 2n´lˆP2n´l q has dimension ď 2n´l. Let q l : X Ñ C l be the restriction of p l : C 2n`1 Ñ C l to X. Recall, that ψ q l : X 2 Ñ C l is defined as ψ q l px, yq " q l pyq´q l pxq and consider the map pr : χ´1pP 2n´lˆP2n´l q Ñ pψ q l q´1p0qz∆ X , px, y, zq Þ Ñ px, yq where ∆ X denotes the diagonal in XˆX. As q l is transversal, it follows that 0 is a regular value of ψ q l | X 2 z∆ X and thus we get dimpψ q l q´1p0qz∆ X ď 2n´l. Every fiber pr´1px, yq " tpx, y, zq|q l pzq " q l pxqu is finite, since q l is proper. Hence, the claim follows. Now, let V 1 , . . . , V r Ď χ´1pP 2n´lˆP2n´l q be the irreducible components. After applying an algebraic shear of C 2n`1 that fixes the last l coordinates, we can assume for all i, that χpV i q has points outside the diagonal ∆ 2n´l in P 2n´lˆP2n´l . In summary ∆ 2n´l zχpχ´1pP 2n´lˆP2n´lis a non-empty open subset of ∆ 2n´l . Therefore, for generic v P P 2n´l , all fibers of p v | X contain at most two points. Since p l | X is transversal, p v | X is transversal for generic v in P 2n´l , by Lemma 3.4. This implies the statement.
Proof of the main theorem
In this section we prove that any two algebraic embeddings f, g of a smooth n-dimensional variety X in C 2n`1 are holomorphically equivalent.
As outlined in Section 2 we construct inductively embeddings f " f 0 , f 1 , . . . , f 2n , f 2n`1 " g interpolating f and g. The embedding f l is constructed to be holomorphically equivalent to f l´1 and to have the property that the last l coordinates are r l˝g for some linear projection r l : C 2n`1 Ñ C l . To define these projections r l , we will choose a flag G " p0 Ă W 1 Ă¨¨¨Ă W 2n Ă C 2n`1 q of C 2n`1 and set
Afterwards we construct the f l inductively changing G generically in the process.
In a first subsection we define the flag G. Then we construct f 1 and prove the holomorphic equivalence of f 1 and f . In the next subsection we provide the inductive construction of f l using G and we prove that f 1 , . . . , f 2n are holomorphically equivalent. In the last subsection, we prove the holomorphic equivalence of f 2n and g. with the property that for all W in O imm,k we have that dim X i pp W˝g q ď k`i´n´1 for all 0 ď i ă n.
We choose a flag
for all 1 ď k ď 2n, the k-dimensional subspace W k is an element of O imm,k . Note that a generic flag in F 2n`1 satisfies properties (1)-(4).
4.2. Construction of f 1 . We choose v 1 P P 2n such that p v 1 : C 2n`1 Ñ C 2n`1 {v 1 is a good projection for f , which is possible by Corollary 3.8 (properness), Remark 3.13 (immersion) and Lemma 3.14 (2-transversality). Changing G generically we can assume that r 1˝g pxq ‰ r 1˝g pyq for all double points px, yq of p v 1˝f . Hence, the map
is an algebraic embedding, which is holomorphically equivalent to f 0 " f by Proposition 2.1.
4.3. Construction of f 2 , . . . , f 2n . Let 1 ď l ď 2n´1 and assume f l : X Ñ C 2n`1´lˆCl is defined and the last l coordinate functions equal r l˝g . Let us now inductively define the embedding f l`1 changing the flag G in the process and let us prove the holomorphic equivalence of f l`1 and f l for 1 ď l ď 2n´1. We try to find v l`1 P P 2n´l such that the projection
is a good projection for f l . We claim that this is possible if we compose f l with some algebraic automorphism of C 2n`1 that fixes the last l coordinate functions of f l . Assuming this claim, one can change G " p0 Ă W 1 Ă . . . Ă W 2n Ă C 2n`1 q generically such that the subspaces W 2n`1´l Ă¨¨¨Ă W 2n Ă C 2n`1 do not change (i.e. r 1 , . . . , r l are still the same), and r l`1˝g separates the double points of p v l`1˝f l . Let e : C 2n`1 Ñ C be a surjective linear function such that r l`1 equals pr l , eq : C 2n`1 Ñ C lˆC " C l`1 . Now, Proposition 2.1 shows that f l is holomorphically equivalent to
As by construction the last l coordinate functions of f l and p v l`1˝f l are the same, it follows that the last l`1 coordinate functions of f l`1 equal r l`1˝g . Let us prove the existence of v l`1 P P 2n´l . In fact, we prove that there exists an algebraic automorphism ϕ of C 2n`1 that fixes the last l coordinates, with the following property: for generic v l`1 P P 2n´l the map p v l`1 is a good projection for ϕ˝f l , i.e. it is 2-transversal, proper and immersive.
2-transversal: If l ă n, then for generic v l`1 P P 2n´l the map p v l`1˝f l is 2-transversal by Lemma 3.14. If l ě n, then, by applying Lemma 3.15 to the embedding f l (properties (1) and (3) of G imply that the assumptions of Lemma 3.15 are satisfied), we find an automorphism ϕ of C 2n`1 with the following properties: ϕ fixes the last l coordinates and after replacing f l by ϕ˝f l the map p v l`1˝f l is 2-transversal, for generic v l`1 P P 2n´l .
Proper: If l ď n, Corollary 3.8 implies that p v l`1˝f l is proper for generic v l`1 P P 2n´l . If l ą n, then r n˝g is proper by (3); and so of course, p v l`1˝f l is proper for all v l`1 P P 2n´l .
Immersive: By applying Lemma 3.12 to the embedding f l (the assumptions of Lemma 3.12 are satisfied by (4)), we see that the map p v l`1˝f l is immersive, for generic v l`1 P P 2n´l .
4.4. Holomorphic equivalence of f 2n and g. By construction, the last 2n coordinate functions of f 2n equal r 2n˝g . The map r 2n˝g is immersive, proper and 2-transversal due to properties (4), (3) and (2) of G, respectively. Thus, f 2n and g are holomorphically equivalent by Proposition 2.1.
Appendix
Lemma A.1. Let X be a smooth variety such that every connected component has dimension ď n and let f : X Ñ C 2n`1 be an algebraic embedding. For 0 ď i ď n, denote by X i the set of points x in X such that X is i-dimensional at x. Then there exists an algebraic embedding F :
that restricts on š n i"0 X iˆt 0u " X to f . Proof. Let X 1 Ď X be the set of points where X is not n-dimensional. For generic v P P 2n , the composition
is an embedding by [Sri91, Theorem 1']. Since the image of the map
has dimension ď 2n´1, for generic v P P 2n , the two sets p v pf pX 1and p v pf pX nare disjoint in C 2n . In summary, there exists w P C 2n`1 zt0u such that
is a closed embedding and the image does not intersect f pX n q. By a repeated application of this argument, we get our embedding F .
Lemma A.2. Let m ě 2 be an integer, let p 1 , p 2 P C m be distinct points and let A 1 , A 2 P SL m . Then there exists an algebraic automorphism ϕ of C m such that ϕpp i q " p i and D p i ϕ " A i for i " 1, 2. In fact, ϕ can be chosen to be a composition of algebraic shears and linear maps.
Proof. We can assume that p 1 " p0, . . . , 0q, p 2 " p1, . . . , 1q. For i ‰ j and λ P C the algebraic shear
. . , x m q fixes p 1 and p 2 and satisfies the following: D p 1 ψ is the identity matrix and D p 2 ψ is the elementary matrix with entry pD p 2 ψq ij equal to λ and all other entries the same as the identity matrix. As every matrix in SL m is the product of elementary matrices, we can construct our automorphism ϕ by composing automorphisms of the form ψ and linear automorphisms that exchange p 1 and p 2 . 
Proof. If X is smooth, then the result follows from the Generic Smoothness Theorem (see [Har77, Corollary 10.7] ). The general case follows from this result, by using the fact that we can decompose X into finitely many smooth locally closed disjoint subvarieties.
Lemma A.4. Let the notation be as in the proof of Lemma 3.14. Then the map χ is transversal to ∆ at all points of UˆU .
Proof. Let px, y, zq P X 3 with χpx, y, zq P ∆ X pUˆU q. We show that χ is transversal to ∆ at px, y, zq, i.e. im D px,y,zq χ`T χpx,y,zq ∆ " T χpx,y,zq P 2nˆP2n .
After a linear change of coordinates in C 2n`1 we may assume that y´x " p1, 0, . . . , 0q and z´x " pλ, 0, . . . , 0q
for some λ in Czt0, 1u. Locally around the points y´x and z´x the canonical projection π : C 2n`1 zt0u Ñ P 2n looks the same as p : C˚ˆC 2n Ñ C 2n , px 0 , . . . , x 2n q Þ Ñˆx 1 x 0 , . . . , x 2n x 0˙.
More precisely, the open embedding g : C 2n Ñ P 2n , px 1 , . . . , x 2n q Þ Ñ p1 : x 1 :¨¨¨: x 2n q satisfies π " g˝p whenever p is defined. In particular, χ is transversal to ∆ at px, y, zq if and only if the (rational) map r χ : X 3 C 2nˆC2n , pa, b, cq Þ Ñ pppb´aq, ppc´aqq.
is transversal to the diagonal ∆ C 2n in C 2nˆC2n at px, y, zq (note that r χ is defined at px, y, zq). The differential of r χ at px, y, zq iŝ´D
where h : X Ñ C 2n denotes the map obtained from the fixed embedding X Ă C 2n`1 by forgetting the first coordinate. Hence, the linear subspace im D px,y,zq r χ`T r χpx,y,zq ∆ C 2n of C 2nˆC2n is equal to "ˆp D y hqb´pD x hqa`u 1 λ pD z hqc´1 λ pD x hqa`u˙ˇˇˇp a, b, cq P T px,y,zq X 3 , u P C 2n * .
Changing basis in C 2nˆC2n by subtracting the first 2n coordinates from the last 2n coordinates yields "ˆp D y hqb´pD x hqa`u 1 λ pD z hqc´1´λ λ pD x hqa´pD y hqb˙ˇˇˇp a, b, cq P T px,y,zq X 3 , u P C 2n * .
This last subspace is C 2nˆC2n due to (˚) " 1 λ pD z hqc´1´λ λ pD x hqa´pD y hqbˇˇpa, b, cq P T px,y,zq X 3 * " C 2n .
The equality (˚) follows from the fact that D y h´D x h : T x XˆT y X Ñ C 2n and D z h´D x h : T x XˆT z X Ñ C 2n are surjective, which in turn follows from the fact that p πpy´xq | X and p πpz´xq | X are transversal (here we use the fact that χpx, y, zq is in UˆU ). More precisely, to prove (˚) let w be in C 2n . There exist a 1 , a 2 in T x X,b in T y X and c in T z X such that pD z hqc´pD x hqa 1 " w " pD y hqb´pD x hqa 2 .
By setting
c " λ 1´λc
, b " λ 1´λb
and a " λ p1´λq 2 a 1´λ 2 p1´λq 2 a 2 , we get 1 λ pD z hqc´1´λ λ pD x hqa´pD y hqb " w .
Hence, r χ is transversal to the diagonal of C 2nˆC2n at px, y, zq; and so, χ is transversal to ∆ at px, y, zq.
Lemma A.5. Let f : X Ñ Y be a morphism of algebraic varieties. If Z is a closed subvariety of Y such that f is transversal to Z at z, then the local dimension of im f X Z at z is smaller than or equal to
Proof. Let x P f´1pzq. Since f is transversal to Z at z, the differential D x f induces an isomorphism
Since T x f´1pZq lies in pD x f q´1pT z Zq, we get the following inequality dim T x f´1pZq ď dim T x X´dim T z Y`dim T z Z .
And so the statement follows.
